The question posed in the title is answered in terms of a simple pictorial argument that is manifestly symmetric between the two functions that are Legendre transform of each other.
impression of a sleight of hand. The feeling that some essential point might be missing from the standard description provided the motivation for the present considerations. In the following the definition of the Legendre transform G(y) of a function F (x) and a simple argument for its involutivity will be given.
Let us assume that the function F (x) is continuously differentiable, with a derivative
that is strictly monotonically increasing. Then the function f (x) can be inverted to g(y):
and the Legendre transform of F (x) is defined as
If one performs the same operation on G(y):
where h is the function inverse to G ′ , a very short calculation reveals that z = x, h = f and H = F , i.e. one has returned to the original function. This is, of course, perfectly sufficient as a proof of involutivity, but a physicist would prefer a more intuitive explanation, ideally in terms of geometry. The standard geometric interpretation of the Legendre transform proceeds by considering the graph of the convex function F (x) and its tangents. This is a correct pictorial account of formula (1) which can be used to give a geometric proof (see, e.g., Arnold [2] ), but it does not make the symmetry between F , f and x on one side and G, g and y on the other side manifest. Let us therefore look at the graph of the monotonic function f (x) instead. 
for some real constant c. So F is, up to a constant, the area under the graph of f , and G is, up to minus that constant, the area under the graph of g, and the symmetry is manifest.
What if our assumptions x ≥ 0, y ≥ 0 are not satisfied? For x ≤ 0, y ≤ 0 the argument is essentially unmodified since (−x)(−y) = xy. If xy < 0 consider the second part of Figure   1 . Here we have fixed two arbitrary constant values x 0 , y 0 in such a way that x 0 > x > 0, y 0 < y < 0 for the range of pairs (x, y) that we want to consider. Denote by A 0 the area determined by the coordinate axes, the vertical line through x 0 , the horizontal line through y 0 and the graph. Then we have
Up to the constant A 0 that can be absorbed in the redefinitions from F to F and from G to 
